The center of mass motion in a conservative gravitational theory of Whitehead's type  by Dyer, J.A & Schild, A
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 4, 328-340 (1962) 
The Center of Mass Motion 
in a Conservative Gravitational Theory 
of Whitehead’s Type* 
J. A. DYER+ AND A. SCHILD 
The University of Texas, Austin, Texas 
Submitted by H. S. Vandiver 
I. INTRODUCTION 
In 1922 Whitehead proposed a theory of gravitation which is an action- 
at-a-distance theory in flat Minkowski space-time [l]. The interactions 
between mass particles are described in this theory by a retarded tensor 
potential. The Whitehead theory predicts the same perihelion advance as 
general relativity. 
It was shown by Clark in 1954 that Whitehead’s theory predicts a secular 
acceleration of the classical center of mass of an isolated two-body system [2]. 
This result is in contrast to general relativity where Robertson has shown that 
there is no such secular acceleration of an isolated system [3]. 
One of the authors of this paper has recently proposed a gravitational 
theory of the Whitehead type, obtained from a single action principle which 
is symmetric in all the particles of a system and is Lorentz invariant [4]. The 
Lorentz invariance of the action integral leads directly to conservation laws 
for linear and angular momentum. These momentum laws do not have the 
classical Newtonian form and, as a result, the consequences for the motion 
of the center of mass of an isolated system are not obvious. In this paper it 
will be shown that by use of the conservation laws it is possible to define a 
relativistic center of mass for a multiparticle system; that this relativistic 
center of mass has no acceleration; that the classical and relativistic centers 
of mass must always be close together in space, and consequently there can 
be no secular acceleration of the classical mass center of an isolated system. 
* This work has been supported by the Air Force Research Division, Air Research 
and Development Command, U. S. Air Force. One of the authors (A.S.) also wishes 
to thank the Research Institute of The University of Texas for a grant, and The 
University of London King’s College and The Dublin Institute for Advanced Studies 
for their kind hospitality. 
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II. THE ACTION PRINCIPLE 
Throughout this paper it will be assumed that the Minkowski space of 
special relativity has a signature - 1, - 1, - 1, + 1; that Greek suffixes 
range over 1, 2, 3, 4; and that lower case Latin suflixes (other than a and b) 
refer to space coordinates and range over 1, 2, 3. The summation convention 
will apply to both types of suffixes. The lower case Latin suflixes a and b 
will be used to denote particles of a system and range over 1, 2, e-e, N. The 
summation convention will not apply to particle suffixes. Moreover, it will be 
assumed that a system of units has been chosen such that c, the fundamental 
velocity, is unity, and that G, the gravitational constant, is *. The Minkowski 
metric tensor qPv will be used to raise and lower tensor suffixes. 
In the gravitational theory to be discussed here it is assumed that the motion 
of the ath particle of a system is described by the function xxu,), where u, 
is a parameter along the world line of particle a, whose physical meaning will 
be given later. The action integral of the theory is taken to be 
X [uA~+&h; + ~(R~@] d&dub, (1) 
where a: and /3 are constants, 6 is the Dirac delta function, $E = dxz/du,, 
y$b = xi - xi, and zi means that in the summation over the suffix b the 
terms are to be omitted for which 6 = a. The equations of motion are ob- 
tained from the action by the variational principle SJ = 0 for arbitrary 
variations Sxz(u,) which vanish identically outside of arbitrary but finite 
intervals on their respective world lines. 
To obtain the equations of motion of particle Q, one considers that part 
of the action, Ja, which contains the coordinates x$. Ja is given by 
Jn = I_“, t&W&m (2) 
where 
.&iv = 7&v + 8 $ ,““, 8(.dbYabh) hL,,&: + h&Lz&~~~ dab. (34 
If the indicated integration with respect to ub is performed gz,, may be written 
as 
I- 
+[ - Y&,‘; I I* + (3b) 
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The suffixes + and - indicate that the expressions are to be evaluated at 
those events u,,,. and z+,- on the world line of b which are respectively advan- 
ced and retarded relative to CC: (cf. Fig. 1). These events are determined by 
the null cone conditions (J&,Y~& = 0, (y$- > 0, (J&J+ < 0. 
X4 
b 
I = x” 
FIG. 1 
The variational principle applied to Eq. (2) gives the equations of motion 
of particle a as 
where 
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These equations have a first integral g$+~ = constant. It is through this 
constant that the mass, m,, of the particle a is introduced, by defining 
m$ = g$kfk,Y. (5) 
This condition also determines the class of parameters u, by which the 
world line of the particle may be parametrized. 
A study of the one body problem shows that one must take 01+ /I = - 1 
if this theory is to give Newtonian results in the first approximation. This 
will be assumed in all further work. In order to obtain the same value for 
perihelion advance as is given by general relativity one must take a! = +, 
and thus j3 = -g [4]. 
III. MOMENTUM CONSERVATION LAWS 
AND THE RELATIVISTIC CENTER OF MASS 
The momentum conservation laws for this theory follow directly from the 
Lorentz invariance of the action integral, those of linear momentum from 
invariance under infinitesimal translations in space-! ime and those of angular 
momentum from invariance under infinitesimal rotations. The derivation of 
the conservation laws is straight forward and is basically that given by 
Dettman and Schild for electromagnetic action-at-a-distance theories [5]. 
Suppose that one chooses an arbitrary event ZZ, on each world line of the 
particles of the system. Then, because of the equations of motion which 
the system satisfies, the quantities 
are constant, in the sense that they are independent of the choice of the 
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events ui, u2, a**, u -W The notation A,,B,, means ApBY - A,B,, and S’ is the 
derivative of the Dirac delta function. The equation P, = constant is the 
law of conservation of linear momentum, and the equation MtojPcv = constant 
is the law of conservation of angular momentum. Because the Dirac delta 
function and its derivatives occur in the integral terms of Eq. (6) and (7), 
P, and ~~~~~~ are completely determined by suitably chosen finite arcs of the 
world lines of the particles. 
The skew-symmetric tensor MknMLY defined by Eq. (7) is the angular 
momentum of the system about the origin of the coordinate frame. The 
angular momentum of the system about an arbitrary event a@, Mt,JPy, is 
given by 
M (a)p -  M(O)pJ + ~,“~Ul. (8) 
It is possible to define a relativistic center of mass of the system by con- 
sidering the set of all points such that [6] 
MI;,Y,P,, = 0. (9) 
Substitution of Eq. (8) into (9) gives the relation 
Myo:P, + a’P’P, - P’a’P, = 0. (10) 
This equation is satisfied by all events d such that 
where y is an arbitrary constant. This is the equation of a straight world line 
parallel to Pp. It is this straight line which is taken to be the world line of the 
relativistic center of mass of the system whose interactions are described 
by Eq. (1). 
IV. THE RELATIVISTIC CENTER OF MASS OF A TWO-BODY SYSTEM 
If the system of interacting particles consists of only two bodies, denoted 
by suf3ixes a and b, then Eq.$6) and (7) reduce to 
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+ ,66(y:ayabl) “:n;“;&,} du,du,. (13) 
Suppose now that the points zia and z& are chosen such that the events 
$(~&a) and A$&,) are spacelike relative to one another; that is, 
(cj. Fig. 2). If this is done it is possible to evaluate readily the double integral 
terms of Eqs. (12) and (13). 
n b 
FIG. 2 
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Consider a tensor function of x$ +E;, defined by 
where ui is any value of ub such that x!(u~) is spacelike relative to x,“. After 
integration this becomes 
(16) 
If another function, +E,*, is defined by 
$2 = lrn S(Y:P,Y~W) brl,A’~~ + B~,~,G&~I du, 2lb’ 
It follows from Eq. (14) that if zZ, is an arbitrary value of z+,, such that 
x$(Q lies below the future null cone with vertex at xi, then 
s 
fib 
S(YS,bYabJ bb&,b + I% ,pn,&‘~;l du, = U - ~~Y:~Y&,~ 4;;, (17) --I) 
where H is the unit step function, defined by H[u] = 0 if u < 0, H[u] = 1 
if u > 0. Differentiation of Eq. (17) with respect to x”, gives the relation 
= (1 - H[Y:~Y~~&,> 4jL.p - ~S[Y~,,Y,&, d;;[ra&,. (18) 
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Therefore, if zi@ is chosen such that xi(zQ - &rib) is spacelike then by a 
straightforward calculation Eq. (12) reduces to 
(19) 
where r&,. is the value of u, such that x~(zz~+) - x$(z&) is a null vector and 
x~(I&+) > xf(z&,) (cf. Fig. 2). 
Because of the symmetry of $L+: and $x~ the double integrals on the right 
hand side of Eq. (13) may be replaced by 
+ S(yflbyaae) [c~@;i$‘~3i;b~ + j?n:#,3i;l]} du,du,. (20) 
If zia and zi, are spacelike relative to one another then (20) may be partially 
integrated by use of Eqs. (17) and (IS). Then Eq. (13) reduces to 
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Suppose now that the velocities of the two particles of the system are 
assumed to be of the same order of magnitude and small compared to the 
velocity of light. Then, since c = 1 in the system of units chosen, v6v6 < 1 
and v&$ < 1, where vi = dxk/dt. Furthermore since the motion is New- 
tonian in the lowest approximation it follows that terms of the type m/R, 
where R = (y&y$) lj2, are of the order of magnitude of the velocities 
squared. It can be shown that to the first relativistic approximation under 
these assumptions 4”,; and 4;: become 
Computational details involved in these calculations may be found in Clark’s 
paper [7]. The quantity (dt/du,) is calculated from Eq. (5). To the required 
order it is given by 
If one choose 5, and r& such that xx&) = xt(Ub) = t, an arbitrary time, 
in some inertial frame, then Pp in the first relativistic approximation is 
given by 
Pi = (m,vl, + m,v~) + *m,vfv~v~ + &rnbv&~v~ - mamb(vi + d,) 
4R - 
mambyib(vi -t d) y6, - 
4R3 ’ (24) 
and 
p4 = m + Q m vjvj + 9 mbv~v~ - mamb a a a 
XT- 
where m is the total mass of the system, m = m, + mb. It is clear from 
Eq. (24) that P” is a timelike vector. Therefore there exist inertial frames in 
which Pi E 0. 
In such an inertial frame the equation for the world line of the relativistic 
center of mass, Eq. (11) reduces to 
Qi = - JG, --jr’ (25) 
In this coordinate system, if x”,(ziJ = x~(z&) = t then M$) is given by 
M$, = - m,xt( 1 + Q vtv$ - m,xi( 1 + * v$~) + m,m,(xi + x”,) 
4R - (26) 
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Consequently the spatial coordinates of the relativistic center of mass are 
ai zz.z p + m,mbyh maim, - mJyL ___ ( v3v3 zrn2 a a - vj,vj,) + 4m2R ' (27) 
where 
Xi = (m,xz + m,xi) m-l. 
Since the Xi are the spatial coordinates of the Newtonian center of mass 
of the two-body system, it follows from Eq. (27) that the separation between 
the relativistic center of mass and the Newtonian center of mass must be 
small compared to the particle separation at any time since the second and 
third terms on the right hand side of Eq. (27) are of order m/R compared to 
the distance between the bodies of the system. Therefore it must be concluded 
that there can be no secular acceleration of the Newtonian center of mass, 
since the relativistic center of mass is in uniform motion. This may be verified 
from a study of the two-body problem. 
V. THE TWO-BODY PROBLEM 
The equations of motion for either particle of the two-body system may, 
in the first relativistic approximation, be reduced to the form 
d2Xi 
cw 
From Eq. (22), this is equivalent to 
3 dt yib (3 + 40~) dt d%; 
dt2 = - duic, 2R3 ( 1 
- -- 
4R du, -i@ ( i 
+2(1 +a)v;vj,+~ 
dt 
R(Eu!,’ ( II (29) 
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To the required approximation, d2xE/dt2 may be replaced by its Newtonian 
value. If this is done and if the expression for dt/du, from Eq. (23) is sub- 
stituted in Eq. (29) it will reduce to 
d2xi t 
a.=-- mbYub 
2H3 + 
mb(u;; d, [(I + a) d;: (1 + 24 $,bd, R ] 
dt” 
2 
c&j, + 2( 1 + a) z&i, - (1 + a) v”,v’, 
-I- 24 171, +(’ 2 x + -y$-] 1 (30) 
The acceleration of particle b is given by a similar equation with the particle 
suffixes a and b interchanged. 
If Ui denotes the velocity of the Newtonian center of mass of the system, 
it is clear that its acceleration is given by the relation 
+ m,mb(vf - vi) yj,b(vi + vi) 
2mR2 R -, (31) 
where m = m, + mb. Since only the leading term of the expression on the 
right hand side of Eq. (31) is of interest V: and vl may be replaced by the 
classical velocity of the relative motion, Vi. Equation (31) then reduces to 
dVi mamb(ma - mb) -=- 
dt 2m2R2 
Suppose now that the plane of the relative orbit of the two bodies is taken 
to be the x1-x2 plane, and that the origin of the relative coordinate system is at 
particle a, with m, assumed greater than mb. If the z&axis is taken to be in 
direction of the periastron of particle b and the x2-axis 90” ahead in the sense 
of the motion, then the leading term in the expression on the right hand side 
of Eq. (32) may be found by using the Newtonian values 
1 -= m(1 +ecosO) 
R 2h2 ’ 
h” = *ma(l - e’), yib = - R cos 0, 
yzb = - R sin B, 
m sin 6, 
v1=--27E-, v2 = m(e + 03s 0) 
2h ’ 
yja,l/j me sin 19 
R =--jg--’ 
2E’= vqd?, and R2 2 = h, (33) 
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where E is the energy of the classical relative motion, e the eccentricity 
and a the semimajor axis of the classical relative orbit, and h a constant of the 
motion. 
Since from (33) 
dUi h dUi -- __ = R2 &j ’ dt 
Eq. (32) is equivalent to 
dU’ wdma - mb) m2e2 sir? 8 - = m2e cos 28) 
de 2m2h h2 ] + 4h2 -i’ 
and 
dU2 - = mcb(m, - mJ 
de 2m2h 
1. sin 0 [ 2~3 + 
m2 
+ 
mze2 m2e2 sin2 8 m2e sin 29 
x 4h2 4h2 - jj h2 1 + 4h2 ! ’ (34) 
The secular acceleration of the Newtonian center of mass, expressed as 
the change in velocity per revolution is given by 
For dV/dbJ given by Eq. (34) it is clear that d Ui = 0, and there is no secular 
acceleration, It should be stressed that this result, as well as the result of 
Section IV, is independent of the exact values of the constants ar and ,CI, the 
only restriction being that their sum be equal to - 1; i.e., that the theory 
give Newtonian results in the lowest approximation. 
Although the last two sections dealt in detail with the two-body system, 
it is clear that the same methods will lead to similar results for the more 
general many-body system: The relativistic center of mass has uniform 
motion; for nonrelativistic motion, the Newtonian center of mass is always 
close to the relativistic center of mass; thus if the classical motion of the system 
is periodic or almost periodic, the Newtonian center of mass can have no 
secular acceleration in the first relativistic approximation. 
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